We construct the inequivalent irreducible representations (IIR's) of the CP T groups of the Dirac field operatorψ and the electromagnetic quantum potentialÂ µ . The results are valid both for free and interacting (QED) fields. Also, and for the sake of completeness, we construct the IIR's of the CP T group of the Dirac equation.
Introduction
The CP T group GΘ(ψ) of the Dirac quantum fieldψ is isomorphic to the direct product of the quaternion group Q and the cyclic group of two elements Z 2 ( [1] and [2] ):
(1)
Introduction 3
The isomorphism
is given by 1 → (e 1 , e 2 , e 3 ) C → (a 1 , e 2 , e 3 ) P → (e 1 , a 2 , e 3 ) T → (e 1 , a 2 , a 3 ) P * T → (e 1 , a 2 , a 3 ) C * P → (a 1 , a 2 , e 3 ) C * T → (a 1 , e 2 , a 3 ) Θ → (a 1 , a 2 , a 3 );
where e i and a i (for i = 1, 2, 3) represent, respectively, the identity and the "minus 1" of each of the Z 2 groups. As the CP T transformation properties of the interactingψ −Â µ fields are the same as for the free fields ( [5] and [6] ), it is then clear that the complete CP T group for QED, GΘ(QED), is the direct product of the two above mentioned groups, GΘ(ψ) and GΘ(Â µ ), i.e.,
GΘ(QED)
which turns out to be a group of order |GΘ(QED)| = 16 × 8 = 128. Thus,
Since, as will be shown below, GΘ(ψ) has ten inequivalent irreducible representations (IIR's), while GΘ(Â µ ) has only eight IIR's, then, the total number of IIR's of GΘ(QED) is eighty: sixty four of them 1-dimensional and sixteen 2-dimensional.
It is interesting at this point to make a comment about the geometrical content of GΘ(QED), which is a set of points in spheres. In fact, each factor Z 2 is a 0-sphere S 0 , while Q can be thought as a subset of eight points in the 3-sphere S 3 . Thus, topologically
In section 2 we construct by tensor products the ten IIR's and character tables of GΘ(ψ). In section 3 we construct the eight IIR's of GΘ(Â µ ); in this case, since all representations are 1-dimensional, the characters coincide with the representations. In section 4 we construct the IIR's of the CP T group corresponding to the Dirac equation for the wave function ψ, G (2) Θ (ψ) in [1] , and compare the result with the case for the Dirac field operatorψ. Finally, in section 5, we discuss the relation between the¨fermionic" and¨bosonic" CP T groups and comment about the relation of these groups with some approaches to quantum paradoxes.
IIR's of GΘ(ψ)
The irreducible representations (irrep's) of the direct product of two groups, G × H, are the tensor products of the irrep's of each of the factors, namely the set
. If G is the quaternion group, which, as is well known, has five IIR's ϕ µ (with ϕ 1 , ..., ϕ 4 1-dimensional and ϕ 5 2-dimensional) [8] and characters table given by table 1; and H is Z 2 (with IIR's ψ 1 and ψ 2 ), then GΘ(ψ) has ten IIR's:
φ 1 , ..., φ 8 are 1-dimensional, while φ 9 and φ 10 are 2-dimensional. The corresponding characters are the functions
These representations and characters (for conjugate classes) are explicitly given by the tables 2 and 3, respectively, where λ i = trφ i , and the conjugate classes are given by the relations (15):
where e and a are the elements of Z 2 . The character table of GΘ(ψ) is the same as the character table of D 4h , the group of symmetries of a prism with square base, though Q × Z 2 ≇ D 4h .
IIR's of
2 is an abelian group, all its irrep's are 1-dimensional. Since |GΘ(Â µ )| = 8, then GΘ(Â µ ) has eight IIR's, which can be identified with the corresponding characters. Using the isomorphism between GΘ(Â µ ) and Z 3 2 (eq. (5)), and the character table of Z 2 , we obtain the table of representations (φ ijk ) or characters
In [1] it was shown that at the level of the Dirac equation, for the 4-spinor ψ, exists two CP T groups, G 
It is then of interest to construct the IIR's of G
Θ (ψ), both for completness and also for comparison with the IIR's of the operator group.
The action of Z 2 ∼ = {1, −1} on D 4 as a subgroup of S 4 (the symmetric group of 4 elements) is given by 
where between semi-colons we have enclosed the five conjugation classes. Then, the composition law in
where, as a set,
with inverses
(2)
From eq. (55) in [1] , there is the isomorphism
given by
while from eq. (60) in [1] and eq. (17), the isomorphism between G
Θ and
is given by:
It is easy to verify that G
Θ has ten conjugation classes, namely
Then, being a finite group, G
Θ has as many IIR's as conjugation classes. Since the sum of the squares of the dimensions of these representations must be 10, a simple calculation leads to the existence of eight 1-dimensional irrep's ϕ k , k = 1, ...8, and two 2-dimensional irrep's, ϕ 9 and ϕ 10 .
ϕ 1 is the trivial representation g → 1, for all g ∈ G
Θ . The three 1-dimensional irrep's ϕ 2 , ϕ 3 and ϕ 4 are obtained taking into account:
1. D 4 , C 4 × Z 2 and Q are invariant subgroups of D 4 ⋊ Z 2 .
2. The well known theorem by which if H is an invariant subgroup of G and ϕ : G/H → K < GL(V ) is a representation of G/H over the vector space V , then ϕ • p is a degenerate representation of G, where p : G → G/H is the canonical projection p(g) =< g >= gH [9] . Thus, we have the commutative diagram: 
and Q ∼ =< {C, P } >= {I, C, P, CP, −I − C, −P, −CP } .
In diagram (28), we choose G = D 4 ⋊ Z 2 and H equal to D 4 , C 4 × Z 2 and Q, respectively. Then 
respectively. The elements in the e's are represented by 1, while the elements in the a's are represented by −1 (see table 5 ).
As is well known, D 4 has five IIR's (one 2-dimensional and four 1-dimensional). The 2-dimensional irrep is given by
where in the last identification we used the relations (24).
With the choice C = iσ 1 , we obtain,
which completes the 2-dimensional irrep ϕ 9 of G (2) Θ ; while with the choice C = −iσ 1 , we obtain,
which completes the 2-dimensional irrep ϕ 10 of G (2) Θ . It can be easily verified that ϕ 9 and ϕ 10 are inequivalent, i.e., it does not exist a matrix S such that
and M ′ ∈ ϕ 10 . The remaining four 1-dimensional IIR's, ϕ 5 , ϕ 6 , ϕ 7 and ϕ 8 , are obtained from the orthogonality between the columns of the characters table for conjugation classes (completeness relation). Then, the orthogonality between the rows of the complete characters table is verified.
The IIR's and characters for G 
However, φ 9 is not equivalent to either ϕ 9 or ϕ 10 and the same holds for φ 10 .
Final comments
It is of interest to ask the question if, from the point of view of group theory, the behaviour of the photon fieldÂ µ under the C, P, T transformation is independent of the behaviour of the electron-positron fieldψ. The answer to this question is afirmative. In fact, in GΘ(ψ) there is only one Z 2 subgroup, namely that generated byĈ :
is not a subgroup of GΘ(ψ):
The same happens in relation to G
Θ (ψ). In this group there are three Z 2 -subgroups:
However, the table of Z 3 2 has eight 1's, while the table of G
Θ (ψ) has only seven 1's. So
Finally, in relation with the posible relevance of the CP T group structures in other areas of physics, besides field theory, we call the attention on the recently found relation between the groups GΘ(ψ)
, and fundamental theorems in the context of quantum paradoxes, like the Kochen-Specker theorem [10] . Ch GΘ(ψ) 
Θ (ψ).
